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SOURCE - THE RITLLEIGH (YXE!=ON 

The stability of systems contafning a beat source is examined from 
the energy pdnt of view. Rayleigh's criterion is derived. Inthecase 
of a flame, it is found that Rayleigh's criterion must be modified sl5gh-Q 
if the specific-heat ratios 7 of the burnedandunburnedgases sre 
different. . 

. 
IMFR0DuCT10N 

It haa long beenknownthatoscillatory phenomena sre of comn 
occurrence in systems containing an energy source, whether it is distrib- 
uted in space or concentrated Fn a Umited region (e.g., in a plane or 
a surface). Somety-picalexamples are the scresmlng and chugging of 
afterburners and combustion chambers, as well as the more classical 
exsnples, such as the Rijke tone, the singing flame, and the oscillatory 
flame propagation in a tube. Generally speak-, the phenomena possess 
two chsracteristics. First, an oscillation is built up without any appre- 
ciable external excitation. Secondly, after the oscillation has increased 
to a certain smplitude, it is maintained in this state (unless the system 
breaks down before this state is attain&). 

Adynamical systemwill start to oscillate with increasing amplzltude 
only if energy is fed into the system in such a way that there is a net 
increase of the total nshanical energy of the system sfter each cycle 
of OS cillation . The vibration is finally maintained at a given level 
when the mechanical energy fed into the system per cycle of oscillation 
is just equal to the sum of that dissipated by viscosity and that radiated 
away from the system per cycle of 0scSUation. Whenthe amount of enera 
released per second is controlled by an external agenw and is independ- 
ent of the fluctuation inside the system,.the oscillation will build up 
when the energy is released at certain chmacteristic frequencies. Such 
a phenomenon is usually described as resonance. On the other hand, if 
the system itself contains an energy source with the property that the 



- . . 

2 NACA RM SD27 

amount of energy release depends upon the fluctuation inside the system, 
an accidental small disturbance inside the system may interact with the 
energy source in such a manner that mechanical energy will be fed into 
the disturbance per cycle of oscillation, building up its smplitude to 
an appreciable extent. *pending on the nature of the response of the 
energy source to the disturbance, the interaction of the two may lead I% 
a buildup or damping of the oscillation in the system. whea the oscil- 
lation does build up, the phenomenon is usually described as instability. 
It is the purpose of this analysis to study the conditions under which 
systems containing heat sources may be expected to exhibit instability. 

To illustrate more precisely what has been described and also as an 
introduction to the problems proposed for study, consider a special 
example. Consider a tube of length L with open ends. Let the origin 
of the coordinate system be chosen at one end. of the tube with the x-axis 
parallel to the wall of the tube. Let Q(x,t) be the rate of heat release 
to the medium per unit volume per unit time at the point x and at the 
klstent t. Let cp be the specific heat at constant pressure of the 
gas in the tube and To be the temperature of the gas when Q = 0. If 
Q/cpTo and its time derivative are "small," the pressure fluctuation in 
the tube will also be ema31 and fs governed by the equation 

where P = 6-p is the pressure fluctuation (above the mean pressure p,), 
7 is the specific-heat ratio, and c is the velocity of sound (see, 
e.g., ref. 1). At the two ends of the tube, there exists the condition 

for all values of 
the nonhomogeneous 
sents the "forcing 
then one of forced 
for example, 

P=O (x = 0, x = L) (lb) 

t. If Q(x,t) is a given function of x and t, 
term at the right of 
function" or 'source 

the-equation is known and repre- 
distribution." The problemis 

oscillation. If the initial conditions are specified, 

. 
(p)t,o = fl(X) 
3P ( 1 attio 

= f&4 
1 

(14 
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a solution can be constructed readfly. It canbe easily shownthatwhen 
Q(x,t) is periodic in t with a 
period ofthetube, that is, 2L c, the smplittie of amode of osciUa- p" 

riod commeasurable with the natural 

tion will increase linesrly with time. This is the resonance phenomenon. 
Now, if the rate of heat release Q is not a prescribed function of x 
and t but is given in terms of the fluctuations in the system, for 
example, Q is directly proportional to the pressure fluctuation P, 
the differential equation governing tb.e pressure field becomes a homo- 
geneous equation. Thus, if 

L&p 
“$0 

then equation (la) becomes 

1 a2P a2P & ---m= 
c2 at2 ax2 at 

(W 

(a) 

The solution of this equatfon satisfying boundary condition (lb) and 
initial condLtions (lc) is 

&&al 
P =e 2 xhl 

a=1 
co8 0lh-b -I- B, sin %t)sin 7 

where 

(24 
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kc2 - --g fl(x) sin y dx 
I 

@a 

l%om equation (2c) it is seen that, if k > 0, the initial disturbances 
will grow exponentially with the time t and such a system is unstable. 
If k 2 0, the solution clearly shows that the system is stable to small 
disturbances. 

The same conclusion can be arrived at more simply by using the for- 
mal method of stability analysis. As usual a disturbance of the form 

P= eiptq(x) is assumed. To satisfy the differential equation it is 
necessary to have 

Jl(4 = "A CO8 h(fl)x--t 'ii sin h(p)x 

khere x and 'i are constants and 

C33) 

P2 NE0 = 2 + w 
i-- 

(2h) 

To satisfy the boundsry condition (lb), it is necessary that "A = 0 

and A(B)=+, n being a positive integer. Solving for j3 from-the 
JA 

second condition gives 

kc2 + = -f, - 
2 -% (cl) 

Consequently, if k > 0, both roots have the property that Im Bn < 0; 
if k= 0, Tm j3n= U:.ma if k < 0, both roots are such that Im Bn > 0 
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where Im indicates imaginary roots. Since P = eW-$(x), the system 
is unstable for k > 0, but stable for ks 0. In this formal analysis, 
usually no time is taken to satisfy the initial conditions (1~) in the 
belief that these initial conditions can always be satisfied by the super- 
position of the assmed form of disturbances. In the present -analysis, 
this is indeed the case since the eigenfunctions q(x) Corresponding to 
n=l,2,... form a complete orthonormal set in the Fnter-val 
06xSL. 

In the above example, when the system is unstable (i.e., k > 0), 
the smplitude of the fluctuation grows exponentially with time tithout 
ulthately settling down into a state of perman ent oscillation of con- 
stant amplitude (i.e., Fnto a limit cycle). If, however, the rate of 
heat release Q is related to the pressure fluctuation by 

&= +Po2- $Pq (34 

where e and PO ace two positive quantities, Fnatead of by equa- 
tion (2a), the differential equation governing the pressure fluctuation 
becomes 

m--e= 1 a2p a+ E PO2 - P2)E 
c2 at2 ax2 

( (3b) 

Any small disturbances will at first be amplified expc$nentiaUy and w5l.l 
ultimately settle down Vito a umit cycle since 4PO - P2) is positive 
for 1 I P <PO aad becomes negative for I I P >Po. This is a case of 
selfsustained vibration of lsrge am&Litude. This particular systemclearly 
corresponds to the limit of a very large number of identical Van der Pol 
oscillators Unesrly coupled together to form a continuum. It may be of 
some basic titerest to study mre closely a nonlinear system like 
equation (3b). 

In the above examples, heat is released at all points in the tube. 
If heat is released in a portion of the tube or concentiated in a narrow 
region, similar analysis applies. However, the calculation is, as a rule, 
longer and the stiplest method of attack is probably the formal stability 
an~sis . However, with each slight change in the geometrical srrsngement, 
for example, the extent and connectivity of the region Fn which heat is 
released, a new calculation must be performed. In this sense, the above 
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analytic approach is not very satisfactory although it does provide 
quantitative information as to the rate of amplification of the disturb- 
ances For many purposes, however, precise quantitative information is . 
not so important as having a qualitative idea as to whether a system may 
or msy not be stable and why it is so. The latter is indeed the more 
important if the fundsmentadl physical principles involved are to be under- 
stood. It is toward this goal that the study In the remainder of this 
paper is directed. 

The present investigation was conducted at the Depsrtment of 
Aeronautics of The Johns Hopkins University under the sponsorship and 
with the financial assistance of the National Advisory Committee for 
Aeronautics. 
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cross-sectional srea of tube 
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flame area 

defined by equation (2e) 
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defined by equation (2f) 
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on 

positive quantity 

pressure 

heat release to medium per unit volume per unit time 

heating value of mixture 

gas constant 

appsxent flame speed 

flame speed 

temperature 

temperaturewhen Q =O 

time 

velocity 

space coordinate 

parameter 

specific-heat ratio 

increment of total energy after one cycle of oscillation 

increment of ( > 

position quaptity 

defined by equation (.ul) 

density 

eigenmode 

rate of heat release per unit cross-sectional area of tube 

value of w when there is no disturbance 

defined by equation (2d) 
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Subscripts: 

conditions upstream of heat source 

conditions downstream of heat source 

conditions at heat source 

conditions at inlet end of tube 

t 

RAYGFJGH'S COON 

In explaining the process of maintenance-of-vibration by heat, 
Rayleigh (ref. 2, pp. 226 and 227) states that if heat is periodically 
communicated to and abstracted from a mass of air vibrating in a cylinder 
bounded by a piston, for exanq?le, the effect. produced will depend upon 
the phase of vibration at which the transfer of heat takes place. If 
heat is given to the air at the moment of Geatest condensation or is 
taken from it at the moment of greatest rarefaction the vibration is 

- encouraged. On the other hand, if heat is given at,the moment of greatest 
rarefaction or abstracted at the greatest.condensation the vibration is 
discouraged; however, there is no effect in encouraging or discouraging 
the vibration if the air concerned is at a loop, that is, a place where 
the density does not vary, or if the c ommunication of heat is the same . 
at any stage of rarefaction as at the corresponding stage of condensation. 
Rayleigh went on in applying this criterion to explain the singing flame 
and Rijke's tone. Ee was able to give a very satisfactory account of the 
observed effect of tube length on the excitation of singing flame and the 
effect of the position of the heater in the Rijke's tube in the production 
of Rijke tone. (See pp. 229 to 230 and 232 to 233 of ref. 2.) 

In most later investigations on the maintenance of vibration by heat, 
Rayleigh's criterion has been quoted (e:g., refs. 3 to 7). Rayleigh him- 
self did not show how he arrived at such an apparently rather general 
statement. Noting this deficiency, Putnam and Dennis proposed a proof 
which many find hard to believe (see appendix of ref. 3). Their proof 
is not wrong, but it contains so many plausible hypotheses of a mathe- 
matical nature that one is not sure if the physical conclusion it purports 
to prove is not more plausible than the mathematical hypotheses used. 
However, Putnam and Dennis did put Rayleigh's criterion in a very precise 
form: Mathematically, and neglecting damping forces, Rayleigh's criterion 
requires that the time integral, over a cycle, of the instantaneous prod- c 
uct of the rate of heat release and of the oscillating component of the 
pressure be greater than zero (ref. 3).l 

1The criterion in this form was also independently suggested by Bailey 
(see p. III.9 of ref. 6). 



NACA RM 56~27 9 

An explanation of Rayleigh's criterion on a physical basis will 
make it quite clear why the criterion is in fact a very plauszble one.2 
For convenience of exptition, consider a tube of finite length. Divide 
the tube into many fictitious compartments (say of equal size) in one of 
which heat is befog added periodi- from an external source. This is 
illustrated in figure lwhere the compsrtments are separated by planes 
(shown as dashed lines tithe figure), while the shaded compsrtment bounded 
by the planes marked A and A' is the one in which heat is being added. 
In the absence of viscosity and heat conductivity, there is no loss of 
generality by replacing the fictitious planes A and A' by two solid plane 
surfaces (or "pistons") provided that these wslls always move in synchro- 
nism with the motion of the fictitious planes A and A'. The other com- 
partments serve, as is well known, as a mechanical spring-mass system 
(or flywheels in the engine analogy) where mechanical energy produced by 
the Irengine" compartment can be stored. The work done by the engine can 
be easily calculated from thePV-disgram. Depending on when heat is 
added and subtracted during each cycle of vibration the amount of mechan- 
ical work produced is greeter than, equal to, or less than zero; this 
determines whether mechanical energy is given to or extracted from the 
spring-mass system (i.e., the flywheels). For the case when the amount 
of heat energy released by the heat source depends on the magnitude of 
fluctuation in the system end is zero when there is absolutely no fluctua- 
tion in the system, the Fnftial disturbances act as 'an "engine starter." 
It is at once clear fromtheFV-diagramthatif heat is addedwhenthe 
pressure in the engine is the highest and taken away when the pressure 
in the engine is the lowest, the maxfrmrm amount of mechanical work is 
obtained. This is 'in fact identical to Rsyleigh's statement that if 
heat is given to the air at the moment of greatest condensation or is 
taken from it at the moment of greatest rarefaction the vibration is 
encouraged. Furthermore, Lt is also clear from the engine analogy that 
the real criterion of smplification of a disturbance is that the net 
mechanical work done by the engine per cycle must be greater than the 
loss through viscous dissipation and, hence, must at least be greater 
than zero. This is also ti accordance with Rayleigh's remark that there 
is no effect (of. encouragLng or discouraging the vibration) if the air 
concerned is at a loop, thst is, a place where the density does not vary, 
or if the communication of heat is the ssme at any stage of rarefaction 
as at the corresponding stage of condensation. 

It is possible to put the above criterion in a mathematical form. 
The result of this calculation leads-to the formulation by Putnam and 
Dennis of Rayleigh's criterion. Since this calculationwillappesr as 
a psrticulsr case of the analysis of a more useful system discussed in 
the next section, the details will not be gfven here. 

2The author is indebted to Prof. Leslie S. G. Kov&znsy for this 
explanation. 



10 ~CA RM 56~27 

In the example just presented, heat must be added as well as sub- 
tracted from the "engine compartment" if the state of the gas inside the 
compartment is to be brought back to its initial state after each cycle. 
The heat subtracted is, of course, less than the heat added if the engine 
produces a net positive.mount of mechanical w.ork every cycle. The heat 
subtracted corresponds to--the heat rejected in an actual engine. To be 
sure, for most practical cases, the gas in the engine compartment instead 
of returning to its initial state at the end of a cycle ends up at a tem- 
perature slightly higher than its original temperature. This cuts down 
the mechanical output of the engine in the next cycle and sometimes also 
reduces the amount of heat given to the engine (e.g., when the rate of 
heat transfer depends on the temperature of the-medium as in the case-of 
conductive heat transfer). These are precisely some of the factors which 
will eventually limit the amplitude of the oscillation to finite size and 
account for the selfsustained vibration (i.e., limit cycle) which is often 
observed in experiments on such systems. 

c 

When heat is not added to the gas in the limited region as shown in 
figure 1 but is distributed throughout the tube, the ssme argument applies 
except that it is necessary to think in terms of a multicylinder engine 
rather tha;n a single-cylinder engine doing work on a spring-mass system. I 
In fact, when the amplitude of the oscillations is small this case can 
always be analyzed by a superposition of the previous case. - 

The only draqback of the engine analogy is that it cannot be extended 
simply to the case when there is a constant current of air through the 
tube and when the heat added to the medium fluctuates with the disturbance 
in the system above some nonzero mean value. It is clear that the heat 
added to the system can be decomposed into two parts, a steady component 
(i.e., a direct-current component) which maintains a given temperature 
distribution inside the system and a verying component (i.e., an 
alternating-current component) which feeds energy into the disturbance. 
The heat energy that has been given to the disturbance appears in two 
forms: The pressure waves which carry the mechanical energy into the 
rest of the system, and the entropy spots which are carried away by the 
draft and represent the amount of energy going into the heating of the 
gas above the mean temperature distribution. The latter is therefore 
unavailable for doing mechanical work. In such a case, the entropy spots 
carried away by the draft will be the counterpart of the heat energy 
rejected by the engine. It is possible to study the energy transforma- 
tion and, in particular, the total amount of the mechanical energy stored 
in the system per cycle of vibration from a purely analytical standpoint 
(i.e., without appealing to a physical model). This will be done in the 
following sections. The physical model, however, is useful in inter- 
preting the ~lytical formulation and conclusions. 
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r 
ANALYTICAL FORMULATION 

. 

It is the purpose of the present analysis to establish the condition 
under which a small dfsturbsnce is amplified in the course of time by its 
interaction wFth a heat source. Though the analysis is restricted to 
small disturbances for analytical reasons, the derived condition is never- 
theless useful in practice since small disturbances always exist in sny 
physical setup snd also because in most cases a Large disturbance does 
not disappear without first becoming small. 

For definiteness, consider a gaseous medium in a tube of length L. 
The origin of the coordinate axis is chosen at one end of the tube snd 
the x-axis, parallel to the wall of the tube. The two ends of the tube 
willthenbegivenby x=0 and x=L. The heat source is assumed to 
be concentrated Jn a single plane at x = h.3 It is further assumed that 
there is a constant current of air through the tube flowing Vito the tube 
from the end x = 0 with a speed much smaller than the local speed of 
sound. Finally, it is ass@ that in the absence of any disturbance 
the heat source is releasing energy at a rate of 0~~ units of heat per 
second per unit of cross-sectional area. As a result of the heat addi- 
tion, the state of flow ahead of and behind the heater will not be the 
sane. tit PI, ~lr Tl, snd ul denote, respectively, the pressure, 
density, temperature, snd velocity of the undisturbed medim upstream 
of the heat source (i.e., for 0 < x < h), while p2, ~2, T2, and u2 
denote, respectively, those downstream of the heat source (i.e., for, 
h< x < L; see fig. 2). These quantities are related by the continuity, 
momentum, and energy equations across the heater wbfch are 

coo = o2%! 
( 
cp2T2 + $ Yz2 

) ( 
- Plu1. cPlTl+ 3 u1' 

) 
(4cl 

In case the heat source is a flame front which propagates with a flame 

PIUl = o2"2 

Pl + c1u12 = P2 + P2u22 

04 

(4b) 

speed St relative to and sgainst the oncoming stream, the heat source 

%his assumption by no means limits the generality of the results 
obtained below since, for small disturbances, a continuously distributed 
heat source can always be regarded as a superposition of a large ntmiber 
of concentrated heat sources. 
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will be seen to have an apparent velocity S, (taken as positive if the 
heat source moves forward against the oncoming stream) given by 

s, = St - Ul (54 

In such case, equatfons (4) must be replaced by the following equations: 

ol u1 + ( sa ) = o2(%2 + sa) (!%I 

p1 + pl("l + Saj2 = Pg + P2(u2 + Sa)2 (5c) 

wo = + $(uz + Sa + $(ul + Sa 2 
)I 

Evidently, the system given by equations (4) can be considered as a per- 
titular case of the system given by equations (5); for, if St = ul in 
equation (?a) it is found that S, = 0 and equations (5) reduce to equa- 
tions (4). Consequently, only system (5) needs to be considered. 

If pl, cl, Tl, ul, 00, end St are assumed to be given, then 
equations (?a) to (gd), together with the gas law 

p2 = o2R2T2 (5e) 

will enable calculation of the five unknowns p2, P2, T2r 9~ and Sam 
In particular, it can be easily verified that 

( 

("2 + Sa)/d$E IS af 
the same order of magnitude as 3 + sa)/dmim. Consequently, if the 

velocity of the direct current through the tube and St are small com- 
pared with the local sound speed (so that terms which are of the order 
of the square of the Mach nuribers can be dropped), equations (5) CSJ-I be 
reduced to 
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Pl = P2 

u)o = 
72 

72 P2c"2 + ga) - '1 Pl("l + ga) 
- 1 71 - 1 

13 

64 

(6-N 

(64 

where 

St = 9 + sa (fa 

p2 = 199~ 64 

Now, suppose that there are some disturbances inside the tube. Let 
the pressure, density, temperature, and velocity of the medium upstream 
of the heat source at the point x and instant t be denoted by 
Pl + EPl, pl + 6pl, Tl + 6Tl, and ul+ 6~1 while those behind the 
heat source sre denoted by p2 + 6p2, P2 + BP22 T2 + ET29 and u2+6u2. 

If the disturbances are weak i.e., if FL, cgk, EL, au,, 2, 
ci P2 

6~~ “T2 -- 
~2’ T2' 

and s”, - <<I, where c denotes the velocity of 
c2 

energy in the disturbances can be decomposed into two parts: The kinetic 
energy is given by 

$ pI s,” ( ~u~)~A ax + 5 p2 L= (~u~)~A ax (74 

(A being the cross-sectional area of the tube) and the potential energy 
is given by 
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AdX-t-- -; p2c2.2 6 (z,’ A dx (7b) 

( see, e-g-, PP. 17 snd 18 of ref. 2). The total enera in the disturbances 
is the sum of these two equations. If the total energy in the disturbances 
increases after each cycle of oscillation (described subsequently), it is 
said that the disturbance~is amplified by the heat source. Now, it is a 
well-known fact that the surface integral of the product of the pressure 
and the velocity component in the direction of the normal of a control 
surface is related to the rate of change of energy inside the system. 
(See, e.g., ref. 8.) This suggests the following calculation. 

Consider a control surface shown by dashed lines in figure 3. It 
consists of two compartments: The first encloses the medium ahead of 
the heat source, snd the second encloses the medium behind the heater. 
Consider the first compartment. If the subscripts h 'and i sre used 
to denote the condition of flow at the heat source and at the inlet end 
of the tube, respectively, the following identities are obtained: 

that is, 
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When the Inlet end is open, (sp& = 0; hence, 
. 

(This formula is 
Liketise, if the 
is considered, 

still true if the inlet end is closed since bUl)i = 0.1 
compartment of the control surface bebind'the heater 

(6p2)hk2)h= -j3'p2)~ @2) +@2)% (sp2j dx 
(8c) 

It follows from the last two formulas, equations (8b) snd (&), that 

(SP&+2)h - (6Pl)h@l)h = - ihkPl & (Eul) f Eul & (&'l)] dx - 

JhLFP2 & P2)+ 6u2 & (@2)] dx 

Note that this equation is exact for tubes with open (or closed) ends; 
that is, no neglection has been made. Next, the s3mplifying asswnption 
that the disturbances in the system sre small is introduced tit.0 equa- 
tion (E?d). It will be shown that the right-hand side of the above 
expression gives precisely the rate of increase of total energy Fnsfde 
the tube if the Mach number of the steady urrent through the tube is 
of the order of etude of O.Olor less 

Cl = 1,000 fps, than 35 0.01 . 
3 > 

f 
e.g., if ul 5 10 fps, and 

For such low Mach numbers, the by-&o- 

dynamic equations govern5.ng the disturbance can be written simply as 

(94 
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CT1 6Pl 6Pl e=--- 
Tl Pl Pl 

(9b) 

(94 

(94 

for the region ahead of the heat source. Likewise, similar equations' 
(with subscript 2 instead of 1) hold for the region behind the heat ,...-. ,. ~ source. I- - 

- 
Consider the first integral on the right-hand side of.equation (a).. 

The following equation is obtained by use of equations (9): . 

g Pl 
( )I 
6u1 2dx ( 104 

and gives the rate of increase of the disturbance energy (per unit cross- 
sectional area of the tube) in the region ahead of the heat source. 

, 
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. 

Likewise, 

. 
gives the rate of Increase of the disturbance energy (per unit cross- 
sectional erea) in the regfon behind the heat source. Substituting equa- 
tions (lOa) and (lOb) into equation (&I) leads to the following conclusion: 
The rate of increase in the tot&- energy E in 
by 

-I 
& (E) = A [(sp2)h(su2)h - (6Pl)&&] (a 

the disturbance is given 

Next, the right-hsnd side of the above equation must be evaluated in 
terms of the rate of heat release at the heat source. Stice equations (6) 
are the mathematical representations of the conservation laws at the heat 
source, they must be satisfied at sll instants provided that instantaneous 
values of the pressure, velocity, and other physical vsriables sre used 
Instead of pl, ul, and so forth. fn particulsr, equations (6b) and (6~) 
must be satisfied; that is, 

Pl f- &PI = P2 + 6p2 

Qj+srU= y2 (p,+SP2)(U2+Sa+WZf6Sa) - 
72 - 1 

" 
71 - 1 

(Pi + SPl)(ul f Sa+ 6ul + 8Sa) (=b) 

In writ- the second equation, sllowance has beenmade for the change 
In the rate of heat release with the fluctuations at the heat source. 
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Since these relations sxe mid only at the heater, the subscript h 
should have been used to indicate this fact. However, for the sake of 
simplicity, this subscript will not be attached to the various variables 
involved until the final result is obtained (i.e., eqs. (13)). Making 
use of equations (6b) and (6~)) the last two equations can be rewritten 
as 

6P1= 6P2 

6u, 72 SUQ + ES, 71 “Ul + ES, 
K= - + 

72.- 
1 Cl 

yl 
- 1 CL 

72 6p2 
72 - 1P2 

71 6Pl 

u2 + sa ) + Q2 + 6sa) 

c1 

( ul+ sa ) + (sul + 6sa) 
(=a 

71 -1 Pl Cl 

(=4 

Equation (12b) has been put in a nondimensional form so that the order 
of magnitude of the vszious terms csn be readily coropsred. If terms 

6Pl 6P2 6u1 5u2 u1 which are products of the small quantities - - 
ply p2' x 

and u2 
c2 sre droppedJ 

4 equation (XX) be&mes 

60x 72 a$ + ES, 71 till, + Es, 
Plcl 72 1 cl 71 1 Cl bw - - 

. 

4-N ote that this is the same assumption which was used in deriving 
equations (9). 
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Introducing now the subscript h to indicate that these relations are 
vslid only at the heat source, equations (12~) and (l2e) can be rewritten 
in the form 

( 6p2)h = ( spl)h (134 

( 6u& - (%)h = 727; 1 2 - - “, ’ 717f 1 (6ul f &sa)h 
> 

(13b) 

Substituting equations (13) into equation (11) gives the important 
relation 

- 1 6cll - - 
72 Pl 

(14) 

Now, if the energy in the disturbauce after each cycle of oscillation 
is examined,5 the disturbance is said to be encouraged by the heat somce 
if the total energy in the disturbance at the end of the cycle is ,greater 
thsnthatatthe beginning of the cycle. If the increase of the dis- 
turbance energy after each cycle of oscillation is denoted by A, the 
follow&g equation results: 

A= 72-lA 
- 72 

Jwcle ( ‘pl)h( % * “a)h dt (k5) 

%ince the motion is not strictly periodic (i.e., the motion does 
not repeat itself exactly after a certafn interval), the term '*cycle of 
osciUationU must be clarified a little. It can be conveniently defked 
as the interval between two successive times at which (EPl)h = 0. 
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When the various forms of losses in the system are negligible, the con- 
dition that a disturbance is smplified by the heat source in the course 
of time is then 

A>0 06) 

If A < 0, small disturbances in the system are dsmped by its interaction 
with the heat source. If A= 0, the heat source neither encourages nor 
discourages any disturbances. (It merely modifies their wave form.) 

k the next section, the above results are applied to a few special 
cases. . 

APPLIcATIoNS 

The results of the foregoing analysis can be applied tiediately 
to two special cases of practical interest: 

(1) When the heat source is a plane heater and there is a current 
of air through a tube with Mach numbers of theorder of magnitude of 0.01 
or less. 

(2) When the. heat source is a flame front. 

Plane Heater 

In the case of a plane heater the ratios of the specific heat at 
constant pressure to the specific heat at constant volume of the medium 
ahead of snd behind the heater may be taken as the same (i.e., 
n = 72 = 7). Equation (15) then becomes 

A= 7-l 
7 & Jwcle (6p1)h(h) dt (17) 

Disturbances in the tube will be amplified in the course of time if 
- A> 0. This is Rayleigh's criterion in the form first suggested by Putnsm 

and Dennis (ref. 3.). It states that if the time integral of the product 
of the pressure fluctuation and the fluctuation in the rate of heat I 
release over a cycle of oscillation is greater than zero, the disturbance 
is amplified; if the integral is less thsn zero, the disturbance is damped; 
if the integral is zero, the disturbance is negther amplified nor damped 
by the heater. 
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Since neither co nor ul enters into equation (17), the above 
conclusion amlies equally weILL to the case in which m = 0 
and/or ul= 0, that is, the case where there is no current of air 
through the tube s.nd/or there is no steady component of heating. 

Flame Front 

In the case of the flame front, rl is, in general, different 
from y2. Furthermore, from the definition of the flsme speed and equa- 
tion (6d), 

6Ul + 6Sa = 6St W> 

Hence, 

A= 
72 - = 

A 
Y2 s - cycle Pl 

(Ep&SSt dt o-9) 

This formula for the increase of total energy per cycle of oscillation 
is strictly true for a plane flsme front propagating at a speed of the 
order of magnitude of 10 feet per second or less. P~sically, it seems 
probable that it may perhaps also be applied to a nonplsnar flsme front 
when the axial extent occupl;ed by the curved flame front is small- com- 
pared with the length of the tube, provided that 603 is interpreted as 
the change of total heat release per second per cross-sectional area of 
the tube (see ref. 9). Since the rate at which heat is released by a 
flame front (plane or nonplsnsr) is equal to the product of the flame 
wea, the flame speed, the density of the fresh gas, +d the heat- 
value of the mixture, any changes (Induced by the fluctuation in the 
system) of any of these variables will cause a change in the rate of 
heat release per unit time per unit cross-sectional srea of the tube. 
In fact, since co = AfStQol/A, the effect of a change Fn the flame 
area Af snd the flame speed on the rate of heat release is, to the 
order of approximation which has been used in deriving equations (12e) 
and (91, @En by 
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6uJ St 3 64 + 6% Q Af -=--- --_ 
PICl Cl RlTl A c1 RlTl A 

The effect of changes in the heating value on &D has been ignored here 
mainly because it is normally very small. 
into equation (19) gives 

Substituting equation (23) 

A= 
72-l a 

72 
- St 
RlTl s Cycle 

(6pl)hf% dt + ($ - gA s,,, ( 6P&'St dt 

where use-has been made of equations (6a), (6c), and (6d) and 
ccb= AfStQl A to establish the relation 

%t-1 tj p4: ---l+ 71 72-l o1 1 =-- 
72 RlTl A 71 - = 72 o2 

w 

employed in simplifying the result of the substititi n. 
& 

Consequently, 
if the pressure fluctuation is positively correlated with the flu&u& 
tions in the flame area and flame speed, tibration is encouraged. If 
they are negatively correlated, vibration is discouraged. 

In the study of the stability of systems containing a heat source, 
the basic problem is then to determ3n.e the response of the heat source 
to the disturbances. Detailed snslysis of the dynamic characteristics 
of the heat source is usually very difficult. The major contribution 
of Carrier in the study of Rijke tone'is precisely in this direction 
(see ref. 10). When a detailed snalysis for a particulsr system proves 
to be too complicated (as is usually the case when a fm front is 
involved), the dynamic response of the heat source can often be assumed 
if the st* is accompanied by experimental investigations. The excel- 
lent work of Bailey (ref. 6) is a typical example of this approach and 
another example can be found in reference 7. Still another example in 
this connection can be constructed by making use of the experimental data 
of Kaskan (ref. 3). In his study of oscillatory flame propsgation in 

4w o variables sre said to be positively correlated if the time 
integral of their product over a cycle of oscillation is greater than 
zero. 



tubes, Kaskan proved beyond any doubt that in such a case the vibration 
is smplified mainly because of the proper phasSng of the change of the 
flame area with the pressure fluctuation. He went on to propose a mech- 
snism which expLaIns this interaction between the fl.sme front and the 
pressure waves. Kaskan's picture of the interaction is essentially as 
follows : When a flame extends itself into the oscillating boundary layer 
near the waLl, the motion of the central portion of the flame front is 
much greater than that inside the boundary Layer. Consequently, there 
is a change in the flame area whenever there is sn acousticaL oscilla- 
tion in the tube. This picture of the interaction is supported further 
by the experimental evidence that if the oscillatory frequency fs so 
high and, hence, the boundsry Layer is so thin that the quenching distance 
of the flame near the wall is greater than the boundary-layer thickness 
(i.e., the flame does not extend itself Into the boundary layer), then 
there is no change in flame srea with any acoustical osciLl.ation inside 
the tube and there is no evidence that the small disturbances ere empli- 
fied and that the flame vibrates. The excellent experimental study of 
Kasken should be followed up with a theoretical stMy of this phenomenon. 
The main question then is to calculate the flame configuration (and, hence, 
the accoqsnying rate of heat release) in sn oscillating flow inside a 
tube - much ti the same spirit of Carrier in his study of Rd.jke tone. 
The difficulty here fs that even an approxdmate calculation of the flsme 
configuration proves to be too com@icated. However, a very crude esti- 
mation of the rate of heat release at the flsme front can be made on the 
basis of Kasksn's results. Thus, by mskIng the two assumptions (1) The 
flame configuration remafns essentially s3milsr during its vibration so 
that the flame srea at any instant is proportional to the height of the 
curved flame and (2) the central portion of the fIleme moves back and 
forth as if there were no boundary-layer effects while the edge of the 
flame in the boundary Layer only moves forward with a constant velocity 
equal to the mean.speed of propagation of the flame, it is easy to show 
that the change in flame srea is directly proportional to the fluctuation 
in the displacement of the fluid psrtfcle at the flame front. This c&D. 
serve as a stsrtdng point of a theoretical calculation of the oscillatory 
flame propagation in tubes along a line similar to that Bailey has fol- 
lowed in reference 6. 

The Johns Hopkins UniversLty, 
EaLtFmore, Md., May 31, 19%. 



24 NACA RM $D2'j' 

REFERENCES 

1. Chu, Boa-Teh: Pressure Waves Generated by Addition of Heat in a 
Gaseous Medium. NACA TN 3411, 1955. 

2. Rayleigh, Lord: The Theory of Sound. Vol. II. Dover Pub., 1945. 

3. Putnam, A. A., end Dennis, W. R.: A Study of Burner Oscillations of 
the Organ-Pipe Type. Trans. A.S.M.E., vol. 75, no. 1, Jan. 1953, 
pp. 15-28. 

4. Kaskan, W. E.: An Investigation of Vibrating Flames. Fourth Symposium 
(I&.) on Combustion, Willisms &Wilkins Co. (Baltimore), 1953, 
PP* 575-591. 

5. Blackshear, Perry L., Jr.: Dridng Stsnding Waves by Heat Addition. 
Fourth Symposium (I&.) on Combustion, Williams & Wilkins Co. 
(Baltimore), 1953, pp. 553-566; aiso NACA TN 2772, 1952. 

6. Bailey, James J.: On CertainFlame-Excited Oscfllations in a Tube. 
Interim Tech. Rep. No. ll, Contract No. DA-lg-020~OR&1029, Army 
Ord. Dept. and Combustion Aerodynemics Lab., Harvard Univ., Jan. 
1955 ' 

7. Putnam, Abbott A., and Dennis, Willism R.: Burner Oscillations of 
the Gauze-Tone Type. Jour. Acous. Sot. Am.; vol. 26, no. 5, Sept. 
19% PP. 716-725m 

8. Lamb, Horace: ~Hydrodynamics. SFxth ed., Dover Pub., 1945. 

9. Chu, Boa-Teh: Mechanism of Generation of Pressure Waves at Flame 
Fronts. NACA TN 3683, 1956. 

10. Carrier, G. F.: The Mechanics of tlie Ri3ke Tube. Interim Tech. Rep. 
No. 10, Contract No. DA-lg-020-ORD-1029, Army Ord. Dept. and Com- 
bustion Aerodynamics Lab., HsrvsYd miv., Feb. 1954. 



4 
ISTONS 

Figure l.- Sketch showing engFne analogy. Dashed lines Micated planes 
separating ccmpartments. 
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Figure 2.- Heat addition in a flowing stream. . 
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Figure 3.- Control surface shown as dashed Une (two compartments). 
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